SS Chapter [, Crashcowse on Frobability. Theoyg,

Def 11). (6-Field) let 1. he a set. A 6-aljebm on N
(S & no-empty et ?: of Subsets o{ . such that

O if AcF thn AEF

® if A Ar, - €F , then :ij As €F

Emmfleg.

(1) Gein-toss spae (2 Hogses) = {HT, i, TT,THY , s
e Set of all pulcomes sor o yandom expiviment.
wen = ore SFeoi]Ct'c. outcome , e9. Hy € L
define A =1 the fist toss o HY ={HT, dd}
defie F = { 30T, i} TT,THY, 0, g

Remark: 6- a@zbm contains pll events 1. went to assin
probabitities o

> F 10, P

3 Bowl 6 ~olgebra s the sralest 6-algebro which contains all
open subsets of R leg. (o) 7s on open svhet of R,
Which equals {AER : h< A<b |



De]c JREA (P"oboktbitj meqSWES> let F bea G—aljeha on JL . A measure

M on (2, F) Ts o Hfunction M. FoL0,00) , such that
T \ =
Q Meﬂ.SILY'6< ’ /M \36) P

<2y if A A€ F are disjofnt (ie. Ax ()/AJ‘ =¢) then
MY &)= Z, pay)
(measwt)
A M 'F s Such & Junction on (12, F) and
Satisfies Py =
EKO\MP[@_&:
@/A(A):—O

( implies that P+ F—>To.1])

Y A =2 R measure, but not o Pfo}n. measir e
® The lebesgue measure om R teb(ab] =h-a a<h
IS o measuve, but not a prob. measure.
Notations :

(N, F,P) & _P‘mbabtt\"iy space
n = Sowmple Sface (Sfmce nf-all outcomes )
we N = putcome
A SN = cvent
let AefF

if PAY=1, then A is called an almost zvue event,
ool if PAY=0, the A s called o null event,

(-0 ,1%)

_Def J.2.| Crandom variable) . A random variable (rv.) X: n >R s

A function st fwesr: Xt €5 for all teR .,

We_ Stiy that X (s F- measurable f—f (3¢) holds.



The  cumulotive distribution fun(ﬁon (cdf) F: R21T0.1] is a{effneol as

F;‘(:t) :lP(xst) = P(fwe_()_: XLw) & Tz‘l) »obvfouslﬁ B s a ?nb_mea_swe

Remaks :
<> we often write Plxecs.t) =Plren: xw €s.01)

%i) if f is a reasonable function and X is a vV, then

Usesl o .
stien Fix) S @ nV.

(69_ AY o MV 2 XY, X/Y X7 U)o are vV )

Def 2.2 60 % the smallst €-olgebra which Confains {XstY VteR
2 he 6 - algebr jenemieol by x

A is 6CK) - measurable

Def [prop. 1-6.] let X, -~ ,Xn be TV fullow-‘ng—swemnﬁs arequivalent
O A, <=2 Xn ore independent
® Plxicts, == Xwstn) = PUAL) Planct) P (Avsty)
Jor ol 4, -ty €R
® if X, X howe joirt P [pmf fx,-mn (o w)
then  F,we ot X, - X) = Fr 80 - - fandia)
® Por any bownded  Grntinuvous fuaction 9.y 9o > RIR-
EL98) - Gulwm] = ELGiu)] - = ~El3miatrl]
eq. i XY are indepercant E[xY] = £[x1ELY]



Additonal  Confents fom Ahe [ecture

[3. Bfecfwt/ims and Vaviantes .
let X be o rondom Variahle on (N F P)
Elx= ﬁflmﬁxwx = f_: X ) olx
- “Sopdi |

A Yondom Varible X s rn&omble Hf E[lxlj<m andk s
Sﬁ,mre'm)a%?méle if E[x]<o0 |
The veriance of an ;'nt&\?rabl,& Tondom Voriable X, [s

Varx) = Elx- €LA)*] = ELe] - EIx]™
The covorionce af square ~Tntegrable Yarolom Voriable X and Y

s,
Covlx, ) = E[(x-EL)Y (Y- E0v))] = ELxY] - ER£cy]

i neither X noc Y s obmost SMYQﬁ constant, thein corelstion

IS then 0kY) = _ Clx. )
‘ J Va (x) 'J Vol Y)

Theovem 3.4, let te —funct[vn 3: R R je Such that 9o s
fnbzgmble .
® I«f X is a discyete vV with prf py , then
E[qeo] = X 9 Pxct)

® If X 75 an obsolutely comvinugus Y. with plf f then



E[j(x)]= ﬁ:ﬁa)ﬁ(l;\)dx

Nioe Grenally i X is oo V. in R with density Sinetion f, end
a: R'p., then

E [3()()] = \J\IR" ﬂ(r)%xfx)dx

Theorery 132 [JensenS irequabity) . Le¢ X be o yanolom voviable
andl 9: ReR. be convex 7Cv4n£b70n. Then

ELgw] > 9(ELJ)

Theorem 133 Holder's inequabity) . Lot X,Y he 7 ¢ ard let
P 9 21 with —f;+TDL:'- I’]C Xe LF and Ye IF | fhen
ELxy] < E[W'TP - EL*?

¢ For p>l, the Spoce LF Is the oollection o,F rV.s Such that
E[1x|f] <00 )

Th @e when p=2. /s calied the Cauchy - Shword inequality-

)T Probobilitd. Inequalities

Theorem 1.1 ( Movkw's Tneqmlﬂg)_ let X bea Paswh/e, V.. then
Pixze) < —E%ﬂ

/Fovo(lL 7>0.



Theorem 172 C_rschel{(/” Hi's neg L«‘cq&) let¢ X be a 1v
wh EDJ=m ard  Vor(x1= 62 Then
Px-pmlze) € 2
—f'a(a( s>
[ 8 J .Fhmdﬂ\m “4) ul] PYDba oL Sulés
37 ( .S'_V‘ng‘j&w / lzfe nuwéers). le: X, %, >
71h¢.1aanden-é and iyd. e rv.s. Whh common mean J‘/
Then
TR (W "'(')(y) _ M\_ 0{"‘& L Vd
n ./
] m .33 (Centwl limit theorew) lee X X - nid. with
:DC;_]"/M and  Yarlx] = 6* ffmr'(’ h 2212, =, e
L Xt X X M
zﬂ = 6“*‘"
Zn > £ in distribution ,where Z ~Meo,1)




