S Chopler 3 - Conditioning | Marsirgales , Stopping- times

Reaal : (2, F.P)» X is F - measumble
E{wen: Xw) < cieF ¥cekR
Recell  Conditiona( Probo\bTLfta,
ke BeF , P(B>O0, Then e }mb&bith‘y of Of an event
A gien B is  PeaiR)= P40R)
Exarple:  A={hemds on fisst thve = 7HH, HT
B=1 heods ot least once§= JHH, HT, TH]
P(A) = PUMM,HTY= P(RHHYD « PUHTY) = Hd =2
PANRY = P (3HW 1Y) =

P(Rd= P, HTLTHY) =
PCANB) 2

> PAB= Teay t 3
Two questions: <> How to condition on a 6”’"5?5”1 G rather than
(motivation) a gFec;TL,‘C eent B (je. PCAI 5))

<2? How to conolition on events Hfor which

il
>
3
IT

F(3)=0
EXfenSTorxf
<> Asume G= 6B, By, By) vEN BiNBj=¢ Vit
D 3= e =1 | wEB:
YBi=0n N om b exelsd 1 g () fmwm

LDedfine. 1"(/\}9)(@ = _%' ?(A(B;)lBj?w)



456

Ex. wE€R 1Ja'~<w>‘j); Tl > PCA1G) @) = PAIB)

More. gerexally take o WV, X, then we o(e{.‘ne. the. cord/'tional

AR A Gl = F ED6IRT g )

Ewample: coin-toss . Bz {HT Rt Ba={TH, 7T
G=6(B,B.)=1n. B, B, B
X Z number of heads
EIx1G1= ELxIB] 15 + ELxIB.] s
= 112 {4 08 4y,

= ——i—lB) + "5’_‘13,_

<27 J}fc (sub 'G’a\l‘jebra) ff ﬁ s a 6‘—-0\[?&?, and

Aeg 2AcF YA€
)Let X be & (F-measurable) rv. $F js a
S - €—a\éiebm- We defie. ELx l?] . the. Corvlitiona(
only jaformation  expectation of X given G , to be a 1. Satisfying

conteined in
ﬁmt-: used to "~ )E[Xig] IS G- measurable, L?:;i;:’:”‘s“mbje
mpude. Conglitional
(:FFQG'&'(/:GV) ® VaGe g ) E[.J)\Slq] = EIE[XIg]‘iq] (avernging-
ry V. [olem:toa, )

Def 3.0
(Condtional E)Tectmtiov\

v o '

F- measurable, &, i [ | |
not g'lnemrable. in gereval this will not

hold -on events f € \F/q

Remark;:

Ag CF: = g containg  les< Tn{oym&ta‘on Than }'



PS E[X[Q] s -t‘he“];egf,” opproximation of X on +he
Subsets of g.
Ko . Condlitima( 6)<f>catm‘,ion is uniqle . For ary g - measuroble

vV, Y savisfies ELx1c] = ELYLa] vaeG , we hare
4= Ex14]
> we ofien "guess” ELxIG] , and then check (1) &e)
of the. definition
» Ptuj m G= into &
El]= Elx4a)= E[EIxIG11,] = E[Ecxlgzj
2 low of total probabiliey
» assime ¢ =6(Y) for ansther rv. Y on (2,5, P)
ELx14}=ELx|G] =4
[emma s A 6ﬂ)~measuraLLc rv. Z can be wuritlen os o

Funcgon of Y. ic. 9 R>R. - Z=91Y)

Propety 3.0.2
0] lfnewffgi I{ X, Y are. vV ondl XNER. |, -then
EL[x+aYlGl= E[x1g] 1 3Ly 4]
& Pasivivity: If X <Y, then ELxIg] élE[Ylg]
6 "Toke -0ut - what's -known”

If X is g-mcasumble and Y is any 1. then
/E[XYIQ] = XELYI4]



® Tower Property - If Hs§<F are 6 algebms ,then
EIx(H] = ELELXIGT 1H])  (vhe Somiler 6-algebra
i a[ways wing )
= ELET xIH] 141

Remmf)(:
ggj , X s F-messwrable Y s Q-measwobbe “then

FIxYl= ELEIx(1G1)= ELYELXI4T]

Ropoty 30 If X is §-meastmble, then E[x)fli);E[iffj
If x s independent of G, that i
PUxsttine) =Pxst) P& YteR ,Ge g
ten ELxI6] = £0x]
In particutar. I G=60¥) and X anl Y @re incleperclent. ,-then
ELx1Y]= E[xl 6] = EI<]

Lemma 3.0 (Independence [emme) . Suppose. X: T ore fwo
rondom Varisbles such that X is [ndependlent of g ond
Y is G- mesuweble . Then if §=9(x.Y) 75 any function of
two Voriehles e e

E[g[xﬁ’)lgj = h(Y)
whee h=hly) i< the functr'on dlefined by

hy):= EL90x 4y]



3.1 Martingales
Example.:  Asume iodil{ s dme t, erel You wont to iavest
until T>t |, Tour portfolio hos price. (Xs)tes<T
Z«f X s & m«r'trnjatc , then “on averaje" , Yo Will net.
be_ able o (w2 or win Pienef On Lyowr mvestment In The ﬁtune
> ELXr|Fe]l = Xe  LT7%)
‘Futkte/ value v«—f the. porifolio

"/V\m‘h":("oles ove fa.n‘r 3&»;65”

3.2. /]daFQGd ProcessesgC{rltmtim
Def 2l A f;[tmﬁ‘on is o ’f‘om«‘L] o-f 6‘—-a\l7ebm (ﬁ)taa
Such that whenever s <t w2 have 3:3 =t
Pef 323 (iven Q Stochasvic progess X , the Filtvation generged
b\tf X is the {;«mflj of 6‘—@@25.'@ (ﬁ")ﬂo So that
Ve (Xsi, & - ) SisSu -2t (S Fp'- measiusle

Je- Ff s generated !1‘1 alt events  that con ke 0bserved

usig 1 Xt s<t

Def 324 (Adapted process) . A stachastic. prcess X is said o b
adopted 40 (Fa)io if-Afor alt t20 | X1 is fe-measure
G
{Xe¢csieFr YeieR

( dcf-‘w?tv'un a{ measurabt




RemarR:
X is aluoys adopted 10 () ey
(Yeall that o V. Y g C(j)—mea&mble. )

(MmE)
Def 331 (Moartingale) . A stochastic process H is & martingale

wrt (Felwo (f

O His odepted t0 (Ft )30
@ Vs<t ) we hawe E[Mf/]:s] = Ms (fafr ﬁame)

Dkf* 3L Sub- Movtfrgalev -+
cond © X FTMe[Fs] 2Ms vV £3s

'SDLPGT' Mmb:’ﬁalc: /_7"(05“(»3 rmmej on avero'jen
cond © & F[me]F] € Ms Vitzs

FKQMPlC A
. Mavﬁvjatc

Mi=D Vt7o § 1 o ]

E[Mt,}s] =Mg V 't;;

“earn monelf on average”

Mt el €R VYeiep
+ sub - martingale x B3 adaptedd
Mt =+ Ytzo . - P ()20
EMel Rl = t2s =M V125s

Siper- mo tirﬁa,le_
Mt =-t



Exomple Lot 150 andl (Ft)oeqer , X & Fr - measurable
Then Xe:= Elx[Fe] s a mortigale wort-(Fo) coer
proof: e =ELXF] D X s adapted to (Feis
Vst Elx|R)= E[EDIRIIF]
= E[xIfe] = %
’t)')efe—{'m'e/ Xt is a mmt-'rﬁo\lc, WYt (Fthoceeq

4 /Vlmtirﬂale ]DmPey{y of Yondlom waUzs (discrete. times)
In lecture |, e d&fmd Su =
Teke Fuoz i
2 S s (Ao “oolﬂ‘(?(;eo( Lj a(@-ffnftr'on
&> Take b LeN and k<t
ELSiF] = E[Si-sutSe ) ]  Skis adopted to T,
(Linearity) = ETSi-Se| Fu] }:[SH m
“E[m kﬂ% [+ S
[inearity) = i ]: 1Sk
( ! L] /ghﬂ -£,)

"2y ) is inde -

E[g] f.SJL o'f(gl gk)

n_

i

ﬁsk



3.5. Martigale property of Brownian mation
Theorery 35.]  Let. W be. a Brownion mation , Fe=F."  then
Wis a MG wrt (Fieo
proof: Reall inclegendence of increments
Vot <---<4,
Wee s Wo-Wee <= Win-Wi, o1 jndepodent viv.s
In Fmtfcu(m‘, v\/t—W;ijj) Prolependent of Wr. Vres
2 We-Is s inJeFendenL of }sw
Thes ELWelFs] = ELWe-Wa+Ws| F.]
= ELwe-ws | FoT + EIWe [ 7]
= FlWe-Ws] + Ws

~ N(D.6E-9)
=0+Ws = V\/S

26 Stowrg 4imes
Im@»‘wt You wont to decide when 0 Stop mvecting glepending
on fow cument L historical walk. Your Stopping yule is
given by o randlom tine , (which depends on the [nformstion awilable
To fou 2t a s[ch{«'c time .
D@(’- 361 (stopping. time). A Stopping Lime. is @ function
T~ [0,00) 1 Sich that IT¢t1 € Vi3



0 T(%) TW) t

Prop. 3461 let X be a continwous aolaFteo( process |, let A eR.
T:= afgfnfwv: Xe=a 4 Thes T s a S—bOT?n‘né, time-
It is Called the (fivst) hittng Time of level .

Tww) £ G
Theorem 3.6.1 . (Docd's optional sampling +theoyem) 1 ,p(ea(ﬂ LvWen

Let M be o martigale , T be &' Stipphg Time.

~then the StDPi)eq( Process Mz = Ment s also martingale.
Consequently ELM:1= E[LMunt] = E[Mo]= ElMe] W30

Kemaxk.

If instrad of assuming T is bounded , we assume. ML s
bounded., the Dook's oftfom{ Somplfnj, theorm s Stil yalid.
One failed case for this theovem, for example, let W be

& Stondard  Brownian motion (thatis Wo=0 and VarWe)=t)
let T be the first hiting time of vy to I. Then obviously
ELW=1=| #0 = E[W.] . This /s because. ElT]=oo (o Iwen

Tw)=00) and v js pot bounded either . Thuc ,the Dooblc
Othono[ ,SamFlhg. theovem s not valid |



