§  Stchastic  Integmiion

42 Quadrotic Voyition

Pef_/f.lf. let M be a Stochastic process . “Thea

LM, Mg w) = lim S (amsta)
1m0 *=°
where.  AMi:= My - Miy

ano( TT’-' {02‘*9 <t, < ""<'tq '7)
ffof Brownian movion W | [w wli =1

lemma. 420  Me= Wi -4 s & MAytT:?alc

'Pr”'f: 'Aﬂtﬂrﬂd? Me is Trme_asurabla bemuk We is

T measureble_and Mg s @ function of We ond t
'/Vlwa»l?ale P}'v{)em‘(‘i: check E]:Mtl?-'s]=/‘/'s Y435
ELMe1F<1 = ELWr-2(Fs)

= FLWe- Wetwly) - t [ F]

= ELWa- W)+ 2ve-weds +we -1, ]

= Elwewsy 1 F.1 1 E[a k) Wkl 7]

Fr?aff$<—w/ Ferweasurable
+ £l 191~ E0/ )

3:5 -measurable —
= Eltwe-wi)] + 2We E Le-we]

t W - ¢
= t-< tWs-t
* Wsl*S
= M



Theover 42.] let M be & martigale wirt. o filtration (Fi)ee
Then for al 70, ELM T <00 & ELIM Mk ]<oo
In this coz, (Mg* = TMMIt)gsp TS @ martidele wrd.
the same filtmation, apd. ELM{] - ELMG] = E[LMME]

Enam];lc: M= /s a marbfi?alc = (Wtz‘ t)eno /s & martinga le

Theovem 4.).2.. If M is a4 martindale and AL s o Condinmous
ao{d?b@( fncYmeng_ Stochest ¢ froass S.t. Ao=D and

(M-!:"’A't)tac s a mavt?:iale, , then
A= M ,M]t
EmmFle'. M=w , A=t

At is continuous aofa}ﬂ:eo(, Jo~measwrable
fncreasfng, L ant A.=0

M-t = V\/t;tt ’S @ marh‘:?ak‘_ > Ar=[w wlk
RemarR;:
D> intuition for fust variation and Guadrdic variation:

divide the interval [0, T] jato T/(4t) intervals of Size &t.

ch X has Jimite fivst vaviation , zhen on each subinterval
(&t . (kn16t) the increment of X should be of oroler &t .
Similady — x has finite Guadratic Vaviedion = jncrement

W
o continmkhons ¥ 0CRSS as mite tirst voration,
D1 i P h ite £ ot i ot

its Quadratic voviation wil necessaw'lj be zero.
Lf o continuous process has fiaite  @nol non-2erv  qGuadratic

Veriation, its fust Vaviation will necesavily be jnfmite



4.3 Constrisction of Lo fntezral_

Let W be a standard BM /(]:‘b)t’fo be the Brownian fil{ratfov)
and D be an aolaPteo( process.

let (A&)iro be owur pasition in S ot time t, that is
invest AeSt ot time 7 and the volwe 070- Forf'folfo
however, almost. any continuous mart«‘njaus

Time ttl IS At&m / will not_have {intte fist Variotion, thus we ned
the I+D integral

n-i

= Pal = EO-A;{S.H,—S;) 2% jbt‘ﬂ(&t
lemma 43 [et 7T=‘{O:to<t(<~--<‘tv,‘] be an NCreasing
Sequence 07( times  anol assume that D /s Constant on

[, tin) Vi Cic. the asset is only traded gt time fo,---1,)
lQ‘l‘,‘ I_-:.T = ’:Z_-_‘; DﬁAW’i + Dtn(WT 'W‘bn) rf Te [tn,tnﬂ)

where AWi = W - Wes

dendte. the cumulative earm‘njs wp 10 tome T , then

ELCT )= ELE D (b —t3) + D (T-a) ] if T€ Lo, tu)
Mweorerl j[TI s & mavb?;«ﬁale and .

LI 1", = &, Dot lha-ts) + Dy (T4 if TELE, £uun)

“Theorem 4.3.| I]C jjpgo(f <00 ,then as |T| >0 ,the process

Iﬂ Converge to a Cost process I given b
T T Note that D should be aolofiea[ , ondl
IT = fim ‘L'T = fa Dt diny is Sampled at the. [eft endpoint of
i~ 2he time interval ,71.e. terms [n e

This 7s called the I+% /hte\-?ra(. of D wrt. W, swmae D@(h}HH‘Wﬁ}



I,JC —fmther , E[f: Di dtl<oo | then the process T is a
marvingale and the quadretic Voviation L1,1] satisfies
[1,11 = J it abmost suely. Besides , EL [ Dednil= 0

Profer?ﬁ. H43.1 ¢ [fnear&j)
If D', D" are two adopted process , & €R , then

JT(De rabi ydmz = [ Dy dwe + 2 [ D% dws

e Lsometry)
If E[J‘: D¢ dlt] <00 , then
EL( Dodwer] = EL D2 dle]
Examee: De =1 , then
EL Dedwey = ELLT 17 st ]
~V§_J
Wt ~W, T

= E[WTZ]: T

Remark:
positivity is not preserved by It Tntajrou  Nandly, if D's D,

+thee s no yeason to expect f:DJalvve éf:DfAWf.
Def (GBM), we define Ceometric Brownion Motion S as
dSt = 6Stdwe + 2Sede | 6. €ER
> Stochastic differential equation (SDE)
J1dse = ) eSedwe + [Ta 5 de
3 Si-S=[leSdwer [Tas, de



a4 Teo  Formula

Goal: Computer LT We dwe =7

Dz{-‘ 41 Let b,6 be adapted )DrocﬁSS.T}ven a process X
defined as P?em;"ﬂ integral /m integral

Xz X+ [Thede + [ 6cdWe X €R
is caled an It6 proces if Xeo Is determiristic (not Yindom)
wrd forall Too  E[ [T de]< oo and [ lbeldi< o0

Remark;

the Cquation above is c?u(u/aleni/ to
AXt= bede T 6 AWt

PYOPefitj L4l The guadratic Varation DYC X s
[X.XJr = J\,T 6 dt

_D(f A}“lfl Proc,ess X W,’);Ch Can be d@(oy"\fosed Qs X:A+M

(Semi=Mm0C)

Wwhere. M Ts o )Y,mf,,‘,,jale ond A has f:h.‘te_/\\/o\rn'o\-bior]

C. ‘f\‘rS‘t )

ore. colled  Semi- movtfnjale.
> M S called the. ma.vbf»:?ale fart °{)<
> A TS called the finite varistion pavt of X

prop 443 The Semi- MG decomfos?t?on IS unige , that is
(96
;‘f‘ X=2A, +M = A, + Mo, then

A :AL ) M= M2
(where Ay, Av are fintte variation Processes, M, M
ore m&\vb?:?al«es )



onof-. b\% (%) we have
Ai=As =M =M, :=M
Lw——-—s L’—V-__)
.]‘ e Variation | MG
thus M s a MG with {‘.‘m'te. Vaviation 2 [M m]7 =0
A2 LMl =E[Im,#17] =0

(M“ [M\M]f .
s a MG.) 2 Mt thus Mezp et is A=A,

M, = M,
Prop Ak let X be an ItB process , then

X is a MG & bemo Yo Cier Xz Xt [ 6vdwe)
Proofs If be=0 Y1720 S X is a MC.
Suppose X is & M. Defme
1= bede = Yo - X - [T 6edu
A=, TAYC,TE() \'f]}’z—j
> Ak a martingele . (also o semi-mG.)
A=AT0 =0+ A thus Az0 € ht=0

De'f hh3. We O(Ef:'ne the intvral a{- D wryt. X é‘f

J;TD-f dXe:i= J:,TD-L‘bto('t il f,TD£€¢JW&
wheves dXe = bidt + §edwe

L Given an adapted procss D, we intevpret X os the price of on asset,
and D es owr position init, which can be positive or negative).

A~ A Recall thet
77’60)’3”] //’-"f (.It [0] —]L\ormulﬁ) ,‘,f :f: RAR is Cmf,’,‘nugus\ly Aiﬁe'tntu"abk

) 4= Y 2
IF ?(: [o,0)XR 2R ic such that Fpfeo= ), 'Jf‘(i’"Z
t Hjc(t‘x) Ls ront. d"ﬁm"t:"‘bt ¥ xR St‘fft‘/() exists

X > futx) s twie Cont. o ffeventiable.
Vter . a'xFLt.K). Q;F(t\x) erist



and if X is an I+o procesc , then
T -
FT, %0 = Fro.X) = [ defct,xe)dt + [T axftt xe) ol
+ o \LTa;]o(t.Xt)O(-[X,K]t
T
It% correction term
Remark: i ’
> Ot f(t,)(e) Stordg *fof fakin} devivtive of Fet %e) wrt. t

and. then substituie Xt . Siowilar fav- a*‘F(t,)(z‘) ,a:‘Fcf. Xe)
> The I¢eb -formula Ts S?mPlj * version o—f 1he —Cchain rule f,,.,
Stochastic processes.

Stochostic form:
dfet,xe)r = et xa)de + Oxfit. Xerd Xe

+ 2 o5 fet, 1) d T xTp
Substitute [ol Xt = btdt + 6edWe we have
At {o( Lx, Xk = 62ds
> o(ff(e\x»o) = at‘flf.Xt)o(t + Bxfucﬂ(t) [bede + Gedwe ]
+ %am’{(t,m)-éf.‘al/b
= Drf(t,xt) toxftxe) bt +3 axzf(%\M)Gc‘]df
+ Oxf (T, Xe) -6 AW
ff the term Le-ﬁnre dt jc zevo, f(t)(t) is & martingale,
Otherwise not



4.5 Examglcs
ex|. write W’ as @ sum of dt and AW - fnts7ra(_

use the Ieb -ﬁwmula and Substitue 'f(t.)();)(z, X=We
> atfrt.xvo L Oxft®) =2x | 9 ftx) =2
=2 D/V.W]¢= t
By It% la
4 p 'fwmu 20 5 2We
A (W) = ol(—f(t,vve)) = atffh\/\/t)dt +axf(+,w¢wwt
¥+ a:flf.W-()o([W,Wlt_
——— =

L2 t
= 2Wtd Wt + dt

calelating the itegral from 0 to T
W+ 0 = [l awedwet [Jde = [ 2Wedwe + T
> [ W dwe= £ CINET)
Qi calwlate  [w’, Wy
Lwiwde = [Taweydt = 4f07 Wi ole
9 not Constant,
a _T.V.
ex.2. et Mt= We , M=wert ,is MN a MG R
fist methal s to verify E[ MewelFal= MsNs Vis
R0ther methool i< to yse +he 1t foymulc\.
Nete. Me-Nt = We(WA=4) = Wg* - We-t

Fotax) = x> tx  Xe=Wt | Txxe=t¢



D Oaftts =3t Jeft W Tk Dxfied= b

2 dfis) deftt xa)dt + o fet Xe)d Xe
+= QAZ»}DLt,Xt)a(—[K» X1y,

“Xdt + Bx*-Ddxe + 3X Jt

U

]

XAt +(3K-t)d Xt
2We de + (3Wt;"f—>0e We

MiN+ = f:?_V\/talt + f:(?)V\/‘lz- +) v/t

Sine the  finite (fixst) Variation pavt 7s not zero,

I

]

MiN1 is Nnot o Wrt:‘@atc.

€x3. Let X+ = fsfn(Wf) Lo )(2‘ -[)(.X] a ma»erﬂ?ala 2

let £t = tSin(x) ot f =sinx  3xf = teosx

'c)xl‘f'\ = - tsinx
= AXt = St dt + tcosWe dwit — < t<in We ot

= (s;nWt— Ltsawe)de + tcose dwie

(then, L Ix, xJ = 17 coS We dlt )
AXE = 2Xedxt t o [x.xJe
= ALX-Txx1] = 2Xed X%t
= 24SinWe) Lsin(We) - £ tsinWe) [ oAt
T 21 SifWt)-cos(We) AWt

Sine. the dt term above is not 0, thus X'-L[x.X] 7s pot

O mortfrﬁale



46 Multidimensional J+%
Def #6.1 ( quadratic covorintion)
Let XY be two Ito process. Define
[x Y1y = lim Z, (o X3) (Ypn- Vs
T=30=2t,< ~--<ta=T]
the quadvatic coVariation
lemmas Vo, be R ab:f‘,‘[(a+b)z~(a~b)ﬂ
2 let a= (Xer=X) b= (Yen =Ts)
dhus [x, Y1 = 5 LIxaY, x4+ Y}y = [x-Y, x-Y]7]
Prop 26, (froduct Rule) For T35 protesses X, Y ,we hate
duxr) = XY t YdX +d[X,Y]
Prop 463 If X is an It prowss and A is odopted

process of finite variation , then [x A]=0
(Note that TxtA,xxA] =Lx.x])

prop bt If x,Y,Z are I+b processes and @ €R , then
(Bi-tneovieg) Tx Yt 321 = [X,Y] + 3 [, 2]

Prop #6.6 Jer X Y be two continuous mart?nﬁales (e,g_lt?; pro-
Cesses) Wrt. & Common fr[fmtzon (Fe)ero such that E[ X% [<oo

and ELYA*]<coo, if X,Y are Independent ,then [x,Y] =0
the converse is not true for example X¢=J‘:i)’w;>o‘(olws

Vo= [FLiwsotaws , Ix,¥J=0 but XY



Theovem #.6.1  Multiodimensional I+% process

Let X', X', X" be It® processes and x=CX' ) x* ... X")
QP: Lo,4) XR" = R (,%) > £t x)

be ¢ ' int (81#,{ exicts)

be ¢ i X Copf =0, duf =0if exst)

Then

FeTx0= fro.x)+ [Tofexerde + F [aufiexdx

S

o a—le\ %3 f it xe)d DX, x e
or

dfttxe) = 0tfit, xeldt + Z, Bftxod
+ 3 g,d (0397 £, &) AT X X Ty,
Remark: we most often use the two cdimensions Case
dft.xe,Y) = 2efdt + IxfolXt + Ovf d Ve
+ 2 L3 fdlx X4 + 2940y dIxY]e 1 3gF o LrY ],

Rop 463, Let M, N be Martingales. Then
uy MN=Tm,~] Is a MG

(when M=N 5 M.:’ [M.Mm] s a MG, which i
mentioneol before )

(2) I—F A is Maf)ieo( proeas of 70?:? te. variction such
that Ao=0 and MN- A s & MG, then A= Lm.A]

EK“"‘FLC" MW N== Dw,-wlr == Tw,wlg=-¢
(@Piw"j ,MON are MG A M-V is MG, eg M=N=W )



Frop 465, let X', X" be Ith processes , 6,6 be oddopted
Processes andl 1}' ='ff &% ol)(é js{.l_
Thea L[1°,1]e= [f6'e dix'x]s
Def A4-62. We say thae W= (W', W .- W) is & n-dimensional
Standard Bm i
@ eoch W' is a Standavol Bm Vj=1,---n
®© Vit] W' and Wi are independent.
EmmPLe_
o for & 2-dhimensional sBM W=wW', ")
Tw wk=0 Tw,wle=TIw ,wlt =1
o(f(w‘, w) = df(w‘,w’)olw' —raz_fcw',w’)o(vy"
+ I‘[a?f(w‘,w‘)a(tf a;«[:(w',w‘)o{t}
Theorem (Levy)
lf M= (M, ML,w- 1) is a continuous mgrtingale such

that Mo=0 ond a{L_M”",Mj]t T 11’1‘==jﬁo{t )
Then M is n-dimensional Brownlan motion

Re,mark:
Govixe, o) 7 ILx, Y1t

L__V———)
0 Scolar ol yandom varisble



