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61 GBM & Hedging. (2 pssets)
o The Bank pecount B Solves: dBt=rBede or Br=Be’

| a: mean Yetum rate (percentage olrift)
o Stock, price S 61 percentage Volosility

AdSy= 9_\,% 'r\i‘:_s\f_o_tﬂff
dvife oléffusion (noisy fluctuations)
Def 6.1 : St is called @ geome{;n‘o Bm {gBM) 11[
ASt = astdt 1+ 6t dnft, and +hus
S, = Sog(a—fg’)uem
Now, st in CB,S), odenote the pmhfoﬁo Value [;7 (X )t20
the. mrtial Carm'ta(, (s Xo. At eoch time Step t, we have Ae
Shaves Stocks and T+ balance i boank account.
) Xt = DeSet+ Te Be
(not- putting or tohing
(xx) o Xt = AtdSt + Tt ol By > Self -baloncing. money out of porifolid
Solvig () we have Tt = (Xt -DeSt) /B
Plg it intd (2x)

AXe =ArdSe + @i;ai& AB:

= At aSeds + 6Sedwe) ¥ Y (X4 - 21Se)oke

=(rXe t Ca-P)AeSt Yot + 6 2eSedWe
——

averege Fisk. premia for Yo La-trb17 term
return resting in Stocks
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Pe{ 6.2 The arbitmje-—{-\ree price of an option yyith

Pagoff Vi at motwity T is the value of a portfolio X
satisfiind  Xr=Vy . The portfolio is called the heclying portfolio
or replicating. portfolia.

Exomple : Gall option with moturity T, strike K

Vi z (Sr-k)?
L5 poavtial al;.ﬁ:evential equirtion

6.2. The Black- Scholes PDE
The avthran’—Free pr:‘ce of Q Cell pption with Payoﬁ

Vr = (Se-k)f only o(ePenols on St ,T-t, €, r , not &
(o(wﬂ teve)

Theovem 6.2.1 Consider o market with asset (B,S) Vi=(<r—K)'
© Assume that the arb.‘tm\?e, ~free price of the call option
1s ¢ (t,Se) fo'r ome. function (£, X) > c(£.X) Then c
SO&‘WS‘{:ICS the Black-Scholes PDE

2¢C + rAdsC + SX22c —yc=0 X7 <]

i
i bou')o{aﬂ conditions C(t.0)=0 =T
; c(t.x)=(x-k)" X20

@ Conversel\y ,if ¢ SatisfieS the BS PDE. ,then clt,Se)
Is the arbitrafie-free price of the call option.



The above PDE cun be solved

~r(T-t)
& Y

cltx) = X P (d+(T-t.x) ) — K 3 (d- (T-¢,x))

where X >0 ,04t<T ond

de uixy = 1= 19 (5) ¥ (r2 € yu]

[ L
300 = Gz [ € dy = [ e dy
e = J‘;‘;g Q—g

proof of theorem 6.2.1 follows from using dXe and T¢b's
Formulo. for ctt.Se) . In porticular ,this gives You the
&lfa’h%l\?t"la rule Ay = oxClE,Se)

PM—L - Call .Parf)cj : Pt Option Viz (k=S "

Pt price pise) g sk
—- - +_ ~ <t -+ = -

Note that X1= (S1-K)' = (k~S)" =& k
one Lonj Call  one Short put cash

S Xe=cltSe) —plt,Se) =Se - ke 7T
Ureeks: portial olerivatives of ¢ wrt. ¢ and X
meoswre cengitivity of ¢ w.r.t. Chenge jn ejther t or
X, holding all other things mehanjeo(
& Deltar 9xC = B(ds) 30
o Camen: B¢ = Sgimerg O L 2de) 70
A Theta: 2¢C =-rke ™ T A1d.) - fg—iwou) <0



i The function (t.%) —> clt.x) is conve
«fun:t(m of X and Jt i asing Qs

-




