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Two probabilivy measures 1P e B are said to be equivalent
if for VACF ,wehve P(A)=0 <= Piay=o

ﬁr example,
Let Z be a rondom yariable , 220 and EL[2] =) 'Deffne
P = EL714) = L 2dP VAeF o0
Then B is a probabitity measure, equivalent to P,

RempyR :
The assumption ET21=] is required 1o Guorntee T\IS(JL):I

D@-f 202 L Lf P s defined os ) , then we write
~ , _d®
O{IP——ZO(P ,Zﬂ—o—Q? 'fwfx)
arol 2 is called the densizy of P wrz. P
Example: (= w, waf PQuwh) =5 = Plws})

wp=3 2y =Y > Fe?
B (awh) = ELLuwy 2)



= 2(w) Ly PR + 2 () Ly PRw.Y)
=D

=1

- Zwp-Pluit) =3 x4 = 4
PAY) = EL Ly 2]
= Z(wy) - PRway) = %x;} ,—_,;:

F‘m:r{: 0—]‘5 lemma. ( Pisa prob measure | and is equivalent to P)
O P is a probability measwe Bln)=|
PR)=E[Z241,] = E[3] =1
let A.,.---An € F dlisjoint . Then
BUA Y-~ VAY =P (AY 4+ B(A)

If
EIZM] = )E[Zl/\,—t --"fZiANJ

= 1A.+ LAttt lAn (O"‘Sjoht)

= El2lad+ -+ E[21a0]
= Bho -+ PlAw)

’JF:IA) € [o.1]
H?fﬂ %0 E[galgj <ERT =)
& Fix AEF

assume IPA) =0 Since PAY= E[1a] =0, thus Ia=0
0

> ER-L) =0  that is P(AY=0
assume PA) =0 9 2Ax=0 S 1a=0 2 E[1a]=PA)=0

Il
Elz1a)=0
2o



Sfe,c?a( chojce of X

Suppose T >0 is fired ,and X i< a MG such that Z1>0
ard E[2:] =]

Pefine o new measure P via AP = Z1AP. We will denote

e.xpect&ifon and conditional exFectaT,«'ms wrt. P [{7 E
e, EL<J |, ELx]G]
In particlar, ¥vv. X. EIX] =E[ZX]= 7 XdP

Theorem 7.1.3. ( Gameym , Martin, Girsono/ )

Let (bihwo be an aclopted process , W, be a SBM. ond o(efrne

N

W = W +f:tbs A

Jor this chapter, Z s of this
Let Z be the process J t

4 form, and s a MC.
Zeim exp (=M hodwe- £ J242ds)
and define o new measure dif = Zrdp.

(under certain| conditions )
In our se#ing , R is a MG, and N s a BM wnder P

Note that Zo= [ and ELZ:1=|

,Droof= denote M= [tbe dwe  Te. oMt = bt dike
Ft90 = exp (X - £ [F b ds)
So, Zi=fut, m)
> oxfrrx) = fiax)(-zbe’)
oxfit) = Fetx) (-1)
RXfitx) = Frewx) , LM mle = ffbi o



It'f)'s fnrmula (eads 4o

d2e = dft, M) = suf ot + xfdmt + 3 oifdIm M
= Zi (-2 bt ot - bedWe + % bidt)
= =~ Zibt o

2 Zt s a MG
Remark.:

ELx]= ELx2], however EIx(4]7#ELX2(4]
Lemmo. 1).7T: (Bu\l;es Theoyem)

let X be a nv. and P = Z1dP . let § be a 6-algebm G <F

E[x1§]= ELz 1G]
In particular, if g= l}:s(-filt?l:lﬁn) Z s ole]ffneo( os above . let

0<s<t<T. If X ¥ @ F-measurable NV. then
E[xIF] = &£ ELzXIE]

Lemma 712 . An odapted process M s @ martingale under P if
ond only if MZ is @ mertingale wnder IP.
Risk. MNeutval Pm‘c?ng_

(stock price modleled by o genevolized GBM) .
Recall  dSt = S¢Stolt + 6¢St Wt

ABi= BeRedt , ie. Br=B.exp( [ Rsds)
B.=1

Bt D+ =Bs is alwonjs a M.G.
JES

De{rne De= exp(- JI R ds) the discount process.

Pef 7.2.1. (Risk-neutrol measure). A risk-neutral measure P



IS o probebility measwe sotisfying
b YAEF ,PhA=0 & P(A) =0
> under F . DiSt s a MC.

Heve., we. 1iry to Find P nsing GirsenoV's theovem.
> 0, becawe. D hos finite

A(SeDr) = StodDe + DeddSt + IS, D]t Variation
=~ ReSeDe olt + Dt d (23St + 6t ol Ne)
= (o ~Rt)DiStolt + DySe 6ol

= é%-?i . 6tDtStde + DeSe 6 dWe

Ot

= 6tDs Se (Ordt + a{Wt)

-R .
where O+ = atgtt Is the market Price of yisk .

Define o new process , ol e = dwh + Grolt , and observe
dCeD) = eSSt e ()
anol W is o BM wnder P by Girsano/ s theorem.
Bop. 721 Set
Ze= exp(~ [F6sdis —3 [Fo2ds)
Then AP = Zrdp is o Tisk-newtral measure.
Proof: By Girsanov theorem, W is a BM under P ,onol thus by
) , DS is a MG. under P

T})eoy‘em 7.2.2 (_,Qisk‘newtm[ Pv?c;nﬁ fbrmula)

let Vi be @ Ji- measurmble v. let P be owr yisk-neutrl



meosure from prop 7.2.1 . Then the avb;tmge free priee o the
option With polyoff Vo at Tro s Qiven by

Ve = E [exp (=[] peds) Vr I F, ]

Proof:
Note that unoler Iﬁ’, DeVe is oo MG ( prop 7.2.0D

DuVe =JE [Dr VrlFe]
S Viz 5 ELDVr [ Fe]
= EL2 v
= ELexp(=[] Rydks + [ Reds )- Vo | Fe.]
= ELep [ Recdsd) Ve | Fe ]

ngvnks of St under P

oSt = deStdlt + GSed Wi = e+ Beole
= (¢St — 6t S0t ) ol + 6‘&&1@
St(ae-Re)

N

(oSt — eS¢ + ReSt)okt + 65t ol Wi

)|

ReSt ot + €eSeolWe | Lxx)
Since  undler IT;, W is a BM, so S is a GBM with olrift R

P this is the reason Wh\({ BS-call price oloes not incluole &

Lemma 12| . let A be on o,o(o«Pteo( process and let Xt be te
wealth process of Self - financing  portfoliv that holels At showes of
Stock . Then De¢eXt s @ MG. under 7,5
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AXe =
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t = At — Dy i~

dxe =

A(De X ) = Xed Dt + Ded xe
t

by product yule
of theovem T.2.2.
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1.3, Black.- scholes Formula
Dgnamic.s unoler "P
dSe = St (roft + 64 /VTA,) 6.r fied and >0
dBt = rBede We is a BM unckr P
> Sr= SRR

6* g~
or-$)t + 6 We tr—) (T-8) 4+ 6C W~ W)
=5e el T

"S’t

\h messurable

r=Ey (T-)+ 6§~ e )

,,.olerenalem. D?C ,7:4:

Avbitrage —{m price. of  Euvopean call using- the Risk—neutral
pricing fwmwla
Ve= ELlsi-x) € [ Fe]
= 6"V E LG Ful
Mde?mkm I eru ty~ EI:(St éY ;)LT t;+££k\/£13:__vgt) /< fff]
{emma. '\: ér('r-t)fooc. (r-ENT- 1 + 6 [Ty ~ ) me {7

ro(‘r O'Fs'{uw(am(

rormal

rer-t)

Set Sr=x% and o{a{?ne
dizz\x)'a’:(ln(%)ﬂ’fi—s;)t)

°°~s

Po==["¢ Ay=z—“; dy

thevefore

0o N .
e = Tl g wenp(-57r oy -%)dy - kBl



- 52 e - - €K B ()
=xP(d)- € kPU-)

> the aybftmje 4fwze Pv(ce o]c Ew'n})ean Call, 7's
Ve= S 8(de) - e RB (L)

Similarly,
The risk neutral pricing 7[ormula snYS that the price of a
Eu\'o{z&n Put s
P('t ,§t> = //E [e—YLT-‘t)(K_ S_r>'1 ) 9:4_]
Set T=T-%

> Pet,s)=Ele ks 1Fe]

Tn the B-S morket s $t=$o€x1>(()f"6;)'t '/'67\/{)
whee W s @ BM wunder /lF , Then

pet,so = e TEL(k — Seexpltr-£)746%01))"| 7]
= C—rt //EZ(}(” Stex') ((r '6;)'5" 6(W1‘wt7)+13:'¢]

: + X
St efty)) e dy

&t S‘t:x ) OJC{MG_
o+ (T, x) = #’(ﬁn(%) t(r+ ic;)r) and

¢
T =l e[ e

Then —r‘[ e
pet. x> = = (k- xesp (-$)12 61T y))'e oty

MQD ~

7T

-d.- ‘g
= —J%—T—j (k- xexF((r—l)t46ry))€ ‘7/7
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K-e B (-l )(exp(~i‘6+6f‘j1'* )oly
Lo B d) - J:?Lf K- exp( - lL>)dJ)

k- —*‘ya(—ozq—mf,m*exw—f)o(g

k€ B(-ol-) = A B (~d)

1y

\)
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Remoxk:
BS option prices a(a,‘benat o
¢ Zime 1o ma—éurH:\‘f: T=T-¢
+ Strike price* K
* (constant) interest rate: Y
* price ofthe. wwlergfng_ assett Se
* (Constat) volatitity < €

Heofﬁ“ng, & shirt coll
Sweppase we Sell o coll with velue c¢(t.x) . we waent to build
. replioating.  portfolio
S Inwst OxC into the asset St ond put the rest jnto money
morket osount B
Clt. x) — IxC
AD(d)— ke ™ T B (d) ~%x B (dy)

rer-t)
-Ke " [ (d-) <o = o healge the coll ,we will have
boyrow money .

H

I



Fr t>T
o+ = g'-,—,t ((w(%) + (H%)(T—ﬂ)
- (& &
= 6 (J—_]:_‘:c'l.n(—'z)’f'(r“':,) ’F—t>

{>o' Ssk =0 as 17T

éo:fSts.K

:{\Lm 7«{ Sk

— Tf ek
s Bld,) =] T ek
D "f S$to

~that s, i?ﬁ Sevk, we will invest Se when 12T i Se<k,

we will het st in S¢ when +7T.

An examflc of arb:‘tm:]e, (2)
Assume the stock price is Xo XL we shovt 9« Clt. %)
Shares of stock & by o aall Valued CUE.X.) , we invest
M = o 3x CLE %) — C(tAo)
whot })aFfens 7f Stock. price char{?es ’f’°”” Ao to X
The portfolio velwe s
Cltix) — OxClt Xo)-2% t M
= CLLix) T Ox C(tXo) At X Ok C(t. o) —C(E %)
= Cltn) = C(t.%e) = OxCllix)(x-X%) 20

this ineﬁual:‘ﬁ s wrorg because we Fve,'tena( t 40 fo (Constont



